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to be equal to zero. We can carry out the integration in (2.9) for discrete values of m=
—2n{n=20,1,2,...). Let us write out the expressions obtained for the first three values of m

u=rk{z+ bl —H(mn)l}
H (0, 1) = [n Ei (—w) + ¢ "VIEi (—1) + ¢7)
H{(=2,m) =&Y, H(~4m =Y, @3r+ 20N

where Ei (3 is an integral exponential function.

The solutions discussed above can also be used in a situation when the surface of the
cylinder not only stretches, but also moves with constant velocity in the direction of the
x axis. 1In this case we replace the boundary conditions (1.1) by the relations

r=R, u=kx+ Uy v=0 (2.10)
Solved (2.4) satisfies this condition at another value of the constant A:
A =5y — 303 —9,U,/U,

The solution (2.6)-(2.8) can be generalized to the case (2.10), provided that we add
the term pkUy?z, to P in (2.8) and the term |/vkg to u, where

g = Uye (K™ {1+ ( — 3) O]

The solution (2.9) can be generalized to the case (2.10) by leaving the constant A4
undetermined.
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ON THE PROBLEM OF THE COLLAPSE OF CAVITATIONAL VOIDS*

A.V. KONONOV

The part played by the capillary properties of a medium in the problem of the collapse
on an empty spherical cavity in a viscous incompressible fluid modelling the stage of
collapse of cavitational voids is studied. Methods of qualitative theory are used to study
the differential equations describing the dynamics of the boundary of the cavity. A pattern
of behaviour of the integral curves in the phase plane is obtained and used to produce a
complete description of all possible modes of collapse of the cavity.

The problem of the filling of an empty spherical cavity with an ideal incompressible
fluid was studied by Rayleigh /1/, who showed that the velocity of the liquid boundary of
the cavity increases without limit as R+ as its radius R decreases to zero. The time
in which the cavity disappears is always finite.

Taking into account the viscosity of the fluid /2/ leads to the conclusion that a
critical Reynolds number Re* exists, separating two, essentially different modes of filling
the cavity. When Re>> Re*, the character of the motion is analogous to that in Rayleigh's
case. The principal term of the expansion of the velocity V of the boundary of the cavity
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is equal to CR™+ as R-0, but the value of the constant { is smaller than that in J1/.
When Re <~ Re*, there is no cumulative effect, the fluid near the focus is retarded in
accordance with the rule 1"~ R, and the time of closing the cavity becomes infinitely long.
The intermediate case of Re= Ke* corresponds, as R0, to an increase in the modulus
of V~R?' and a finite time of the closure of the cavity.

Actually, since the boundary of the cavity is also an interphase boundary, it follows
that it has a certain surface tension o. Let us consider the Rayleigh problem, taking
into account the above factor and the viscosity of the fluid assuming, as in /1, 2/, that
the cavity is empty. When the problem is formulated in this manner, it can be applied to
modelling the process of collapse of the cavitational bubbles /3/ and merits attention for
this reason. It should be noted that a numerical investigation /3, 4/ has indicated the
existence of several modes of collapse. However, even this approach did not reveal the
general laws inherent in this class of motions. The purpose of this paper is to give a
complete elucidation of these relationships.

Under the assumptions made above, the dynamics of the boundary of a collapsing bubble
can be described by the following Cauchy problem in dimensionless variables:

du 3 u b
uz ~—— +Tu5+4-—1-+2—7—§-1=0, u(He)=10 [

p R Ry ,— o e
u=V Pt T, Re, Ro:———p Vopg 0= w P

Here R, 1is the initial radius of the bubble, p, 1is the pressure in the fluid at
infinity, p 1is the density, u is the dynhamic viscosity and Re is the Reynolds number.

The number §, eqgual to the product of the Weber and Reynolds numbers of the problem,
characterizes the balance of the surface forces and viscous forces at the boundary of the
cavity.

Making the substitution y = u', we reduce Eq.(1l) to the form

d 3 2 .
ot [t intyy] g

and the region
y<0, 220 (3)

of the x, y-plane is the only region possessing any physical meaning during the period of
collapse.

Assuming that the Reynolds number is finite (a viscous fluid), we shall investigate
the influence of the number & (the surface tension) on the closure of the spherical cavity.

In the case when 8 =0 (c=0), discussed in /2/, Eq.(2) has a unique finite singularity
0(0,0) of a complex (saddle-node) character, and the neighbourhood of the point O belonging
to the region (3) contains a single sector of each type. The separatrix of the point 0
separating them, corresponds to the critical value Re = Re*, and the integral curve of Eq.
(2) belongs to the node (saddle) sector when Re > Re* (Re < Re*). The character of the motion
of the fluid in each of the above three cases has already been discussed.

When 6>0(0+0), a second complex singularity 4 (0, —2/6), appears in Eg.{(2), and the
character of the singularity at the point O is identical, as can easily be shown, to the
case 6=0.

Let us investigate the type of singular point 4. Making the change of variables

A

L= aly—yy) + bz, y, = —2Jd
= ~4y,, b=y, G+ yAz)

we reduce Eq.(2) to the canonical form /5/
di/dz = (af + ¢ (z, L))/ z* (4)

where the expansion of ¢ near zero begins with terms of at
least second order. From the form of Eg.(4) we see that the
singularity in question is the simplest saddle-node /5/,
containing two saddle sectors and a single node sector. By
virtue of the condition >0, the hyperbolic regions are
situated in the half-plane z<0 and have, therefore, no

physical meaning. In the parabolic region {z>0), all
integral curves enter the singular point at zero inclination
{they are tangent to the axis = 0).

The phase pattern of the initial Eq.(2) at é>0 1in the
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physically interesting part of the &, y-plane, is shown in the figure. As we have already
said, the nature of the singularity at the point O does not depend on the guantity §, and
hence the inclination of the separatrix OB at the zero is always equal to Vs Jjust as in /2/.
Moving along the separatrix to u=0, we arrive at some critical value of the Reynolds
number Re* depending, in this case, on 6. The dependence Re* (§), in the interval 0<8<1
typical for practical applications, constructed from the numerical results of solving Egs.(2)
and (1) by the fourth order Runge-Kutta method, is nearly linear Re* = 8.7—1.5538 (with an
error of less than 1%).

The integral curves lying above the curve OB correspond to the numbers Re > Re*. All
these curves enter the point O touching the zero isocline of Eg.(2), which is the I axis.
The second zero isocline (curve OA in the figure) is described by the equation

z=—2y 2+ &+ 1

All integral curves situated below the separatrix OB (they correspond to Re<Re*), as
well as the line 0A, enter the point 4 at the same inclination &= —bla.

The nature of the behaviour of the solutions of (2) implies the existence of three
different models of the collapse of the bubble.

When Re>> Re* and Re = Re*, the modulus of the velocity |V| increases without limit
as R—0, and its order of magnitude is equal to R and R respectively. Both these
cases are qualitatively equivalent to the corresponding cases in /2/.

The part played by ¢ is essential for the motions corresponding to the numbers Re < Re*.
The fact that in these cases all solutions belong to the nodal region of the point 4, implies
the finiteness (and also the non-zero value) of the velocity V at the instant of closure of
the bubble, and its single value V,= —¢/u for all trajectories of the family in question.
(For example, in the case of water we have o::7340*N/m;u:=10*N-sec/m‘and|VA = 73 m/sec) . For
this reason, the time of collapse of the bubble is always finite. We also note the non-
monotonic nature of the change in the velocity of the bubble boundary when Re< Re*. In this
case a maximum value |V| always exists, determined by the point of intersection of the
corresponding integral curve with the isocline OA.

Thus when o and u are fixed, the value of the velocity V at the instant R =0 does not
depend on the initial radius of the bubble (nor on p, and p), provided that it is less than
some critical radius R,* calculated using the value of Re*. The values of p, and P
affect only the quantity R,*, i.e. the upper limit of the size of the bubbles possessing
the above property.

The quantitative estimation of the critical size of the bubble in water and glycerine
yields, in the case in guestion, using the data obtained in /2/, values close to those
obtained in /2/, by virtue of the weak dependence of Re* on §.

REFERENCES

1. RAYLEIGH LORD., On the pressure developed in a liguid during the collapse of a spherical
cavity, Phil. Mag. 6, 34, 200, 1917.

2. ZABABAKHIN E.I., Filling of bubbles in a viscous fluid. PMM, 24, 6, 1960.

3. PERNIK A.D., Problems of Cavitation, Sudpromgiz, Leningrad, 1963.

4. LEVKOVSKII YU.L. and ILIN V.P., Effect of the surface tension and velocity of the fluid
on the closing of a cavitational void. Inzh. Fiz. Zhurn., 14, 5, 1968.

5. ANDRONOV A.A., LEONTOVICH E.A., GORDON I.I. and MAIER A.G., Quantitative Theory of
Second~Order Dynamic Systems. Nauka, Moscow, 1966.

Translated by L.K.



